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18 Spectral theory for non-unitary twists
Anton Deitmar
Abstract: Let G be a Lie-group and Γ ⊂ G a cocompact lattice. For a
finite-dimensional, not necessarily unitary representation ω of Γ we show
that the G-representation on L2(Γ\G, ω) admits a complete filtration with
irreducible quotients. As a consequence, we show the trace formula for non-
unitary twists and arbitrary locally compact groups.
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Introduction
For unitary representations of locally compact groups there is a general spec-
tral theory, expressing such representations as direct integrals of irreducibles
or even, if the representation is, say, trace class, as direct sums of irreducibles.
For non-unitary representations there is no spectral theory in general. In
this paper we introduce a spectral theory for representations, non-unitarily
induced from cocompact lattices. These representations occur naturally in
extensions of the trace formula [13]. In this paper we use the spectral analysis
of the group Laplacian to deduce that for a Lie group these representations
admit complete filtrations with irreducible graded steps.
1 Trace class representations
Let G be a locally compact group. For the convenience of the reader we
briefly recall the definition of the space C∞c (G) of test functions on G.
Definition 1.1. First, if L is a Lie group, then C∞c (L) is defined as the space
of all infinitely differentiable functions of compact support on L. The space
C∞c (L) is the inductive limit of all C
∞
K (L), where K ⊂ L runs through all
compact subsets of L and C∞K (L) is the space of all smooth functions sup-
ported inside K. The latter is a Fre´chet space equipped with the supremum
norms over all derivatives. Then C∞c (L) is equipped with the inductive limit
topology in the category of locally convex spaces as defined in [16], Chap II,
Sec. 6.
Next, suppose the locally compact group H has the property that H/H0 is
compact, where H0 is the connected component. Let N be the family of all
normal closed subgroups N ⊂ H such that H/N is a Lie group with finitely
many connected components. We call H/N a Lie quotient of H . Then, by
[12], the set N is directed by inverse inclusion and
H ∼= lim←
N
H/N,
where the inverse limit runs over the set N . So H is a projective limit of
Lie groups. The space C∞c (H) is then defined to be the sum of all spaces
C∞c (H/N) as N varies in N . Then C∞c (H) is the inductive limit over all
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C∞c (L) running over all Lie quotients L ofH and so C
∞
c (H) again is equipped
with the inductive limit topology in the category of locally convex spaces.
Finally to the general case. By [12] one knows that every locally compact
group G has an open subgroup H such that H/H0 is compact, so H is a
projective limit of connected Lie groups in a canonical way. A Lie quotient
of H then is called a local Lie quotient of G. We have the notion C∞c (H) and
for any g ∈ G we define C∞c (gH) to be the set of functions f on the coset gH
such that x 7→ f(gx) lies in C∞c (H). We then define C∞c (G) to be the sum of
all C∞c (gH), where g varies in G. Then C
∞
c (G) is the inductive limit over all
finite sums of the spaces C∞c (gH). Note that the definition is independent
of the choice of H , since, given a second open group H ′, the support of any
given f ∈ Cc(G) will only meet finitely many left cosets gH ′′ of the open
subgroup H ′′ = H ∩H ′. It follows in particular, that C∞c (G) is the inductive
limit over a family of Fre´chet spaces. This concludes the definition of the
space C∞c (G) of test functions.
Remark 1.2. (a) Note that the inductive limit topology in the category
of locally convex spaces differs from the inductive limit topology in the
category of topological spaces, as is made clear in [9].
(b) Note that for a linear functional α : C∞c (G) → C to be continuous, it
suffices, that for any local Lie quotient L of G and any compact subset
K ⊂ L and any sequence fn ∈ C∞K (L) with fn → 0 in the Fre´chet
space C∞K (L) and every g ∈ G the sequence α(Lgfn) tends to zero, where
Lgf(x) = f(g
−1x). This is deduced from [16], Chap II, Sec. 6.1.
(c) If a locally compact group G is a projective limit of Lie groups Gj =
G/Nj, then it follows from [14, Cor. 12.3], that every irreducible con-
tinuous representation π factors through some Gj . This reduces many
issues related to distribution characters to the case of Lie groups.
Definition 1.3. A representation (π, Vpi) of a locally compact group G is
called a compact representation, if π(f) is a compact operator for every f ∈
C∞c (G). It is called a trace class representation, if π(f) is trace class for every
f ∈ C∞c (G). We say that G is a trace class group, if every irreducible unitary
representation is trace class. See [5] for more on trace class groups.
Definition 1.4. Let G be a unimodular locally compact group and let Γ ⊂ G
be a discrete subgroup. Then there exists a non-vanishing, G-invariant Radon
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measure on the quotient Γ\G, which is unique up to scaling [4] and the
induced representation Rgφ(x) = φ(xg) of G on the Hilbert space L
2(Γ\G)
is unitary.
Note that if G admits a cocompact discrete subgroup Γ, then G is unimodular
and Γ is a lattice.
Proposition 1.5. For a unimodular locally compact group G and a discrete
subgroup Γ ⊂ G the following are equivalent:
(a) Γ\G is compact.
(b) The representation of G on L2(Γ\G) is trace class.
(c) The representation of G on L2(Γ\G) is compact.
Proof. (a)⇒(b) is the classical trace formula argument and can be found in
[4], Chapter 9.
(b)⇒(c) is trivial.
(c)⇒(a): Assume that L2(Γ\G) is a compact representation, but Γ\G is
not compact. Then for every compact unit-neighborhood U ⊂ G and every
compact set K ⊂ G there exists x ∈ G such that ΓxU∩ΓK = ∅, for otherwise
the element Γx of Γ\G lies in the compact set Γ\ΓKU−1.
Applying this iteratedly, one obtains a sequence x1, x2, · · · ∈ G such that
ΓxiU
2 ∩ ΓxjU2 = ∅
for all i 6= j. Fix a symmetric unit-neighborhood V such that V 3 ⊂ U and
let
φj = cj1ΓxjV 2 ,
where cj > 0 is such that ‖φj‖2 =
∫
Γ\G |φj(x)|2 dx = 1. Fix some f ∈
C∞c (G) with support in V and such that f ≥ 0 and
∫
G
f(x) dx = 1. Now
supp(R(f)φj) ⊂ ΓxjV 3 ⊂ ΓxjU and therefore the supports of R(f)φj for
varying j are disjoint, hence these vectors in the Hilbert space L2(Γ\G) are
pairwise orthogonal. As R(f) is a compact operator, the sequence (R(f)φj)
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must have a convergent subsequence, but as the vectors are pairwise orthog-
onal, there must exist a subsequence with ‖R(f)φjk‖ → 0. Since the integral
of f is 1, we have
cj1ΓxjV ≤ R(f)φj.
Now assume that V 2 ⊂ ⋃nl=1 V zl with zl ∈ G, then ΓxjV 2 ⊂ ⋃nl=1 ΓxjV zl
and so
1 = ‖φj‖2 = c2j vol(Γ\ΓxjV 2) ≤ nc2j vol(Γ\ΓxjV )
and
‖R(f)φj‖2 ≥
∥∥cj1ΓxjV ∥∥2 ≥ c2jn vol(ΓxjV 2) = 1n.
So there is no subsequence with ‖R(f)φjk‖ → 0.
Remark 1.6. (Counterexample) In [5], last Remark of Section 4, it is asked,
whether any locally compact group G admitting a cocompact lattice must be
trace class. We now give a counterexample. Let G = M2(R)⋊SL2(R), where
M2(R) is the space of real 2 × 2 matrices. Let D be a quaternion division
algebra over Q which splits at infinity. Fix a splitting D →֒ M2(R) and thus
consider D a Q-subalgebra of M2(R). Fix an order O ⊂ D (see [15]), and let
O1 ⊂ O× be the subgroup of all elements of determinant 1. Set
Γ = O ⋊O1.
Since O is a cocompact lattice in M2(R) and O1 is a cocompact lattice in
SL2(R), the group Γ is a cocompact lattice in G.
Next we need to show that G is not trace class. In [5], Proposition 1.9, it
is shown that H = R2 ⋊ SL2(R) is not trace class. Let N ⊂ G be the set
of all elements of the form (A, 1), where the matrix A has zeros in the first
column. Then N is closed and normal in G and G/N ∼= H . So the irre-
ducible representation of H , which is not trace class, induces an irreducible
representation of G, which is not trace class.
Remark 1.7. It seems to be an open question whether for any lattice Γ the
spectral multiplicities in the discrete spectrum of L2(Γ\G) are finite. In other
words, let Γ be a lattice in the locally compact group G and let (π, Vpi) ∈ Ĝ
be an irreducible unitary representation, is it true that
HomG(Vpi, L
2(Γ\G)
is finite-dimensional?
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2 The spectral filtration
By a representation we shall mean a continuous representation on a Banach
space.
Definition 2.1. Let L be a linearly ordered set. For a < b in L we consider
the closed interval [a, b] of all x ∈ L with a ≤ x ≤ b. The elements a < b are
called neighbored, if [a, b] = {a, b}, i.e., if there is no element between them.
A linearly ordered set C is called complete, if every subset of C possesses a
supremum and an infimum.
For a given linearly ordered set L there is a uniquely defined completion C,
which is a complete ordered set which contains L as a substructure such that
L is dense in C in the sense that every c ∈ C is the supremum or the infimum
of a subset of L.
Definition 2.2. A sub-tower is a linearly ordered set L, such that every x ∈
L has a neighbor. A tower is a linearly ordered set which is the completion
of a sub-tower. In particular, a tower L contains a minimum min(L) and a
maximum max(L).
Definition 2.3. Let L be a tower. Let (R, V ) be a representation of a locally
compact group G on a Banach space V . A complete L-filtration on (R, V ) is
a family of closed, G-stable subspaces (Fi)i∈L such that the following hold:
(a) Fmin(L) = 0 and Fmax(L) = V ,
(b) if i ≤ j, then Fi ⊂ Fj ,
(c) if i < j are neighbored, then Fj/Fi is irreducible,
(d) if b ∈ L has no lower neighbor, then Fb is the closure of
⋃
j<b Fj ,
(e) if a has no upper neighbor, then Fa =
⋂
j>a Fj .
Definition 2.4. Let (Fj)j∈L be a complete L-filtration of (R, V ) for the
tower L. For a given irreducible representation (π, Vpi) of G we define the
multiplicity mL(π) to be the number of pairs i < j in L such that the
representation on Fj/Fi is isomorphic to π. This multiplicity may be zero, a
natural number, or infinity.
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Definition 2.5. Let (R, V ) be a representation. A subquotient of (R, V ) is a
representation of the form P/Q, where Q ⊂ P are closed, G-stable subspaces
of V .
A representation (R, V ) is called discrete, if every subquotient has an irre-
ducible subquotient. This means that for any two closed, G-stable subspaces
Q ⊂ P there exist closed, G-stable subspaces Q ⊂ U ⊂ W ⊂ P such that
W/U is irreducible.
Lemma 2.6. Let (R, V ) be a discrete representation of the locally compact
group G.
(a) There exists a complete filtration F of V for some tower L.
(b) If additionally the representation R is trace class, the multiplicities are
finite.
Proof. (a) A filtration F of (R, V ), indexed by a sub-tower, is called admis-
sible, if every i ∈ L has at least one neighbor j such that Fi/Fj or Fj/Fi
respectively, is irreducible. We apply the Lemma of Zorn to the set of all
admissible filtrations F , where we say that (F , L) ≤ (F ′, L′) if L is a subset
of L′ and the filtration steps of F and F ′ agree on L. We get a maximal
admissible filtration. We complete L by Dedekind cuts. If D ⊂ L is a
Dedekind cut, i.e., a subset with the property x < y ∈ D ⇒ x ∈ D, then
we set FD =
⋃
i∈D Fi. If D ∈ L already, i.e., there exists α ∈ L such that
D = {i ∈ L : i ≤ α}, then FD = Fα, so this filtration extends F . If D has no
neighbor, then it is not in L and FD is the closure of
⋃
j<D Fj by definition.
On the other hand, we have FD =
⋂
j>D Fj , since otherwise there would be
an irreducible subquotient between FD and this intersection, which would
contradict the maximality of F . Next if D has an upper neighbor, but no
lower, then we get FD =
⋃
j<D Fj again by maximality and likewise, we get
FD =
⋂
j>D Fj if D has a lower neighbor, but no upper. This shows that
there exists a complete filtration.
(b) Assume the representation to be trace class. By choosing an orthonor-
mal basis which is compatible with the filtration, we see that the trace of
R(f) equals the trace on the associated graded representation. This implies
finiteness of the multiplicities.
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3 Admissible representations
In this section, we assume that G is a Lie group. Choose a left-invariant
metric on G and let ∆ denote the Laplace operator for this metric. We call
such a ∆ a group-Laplacian. Let gR be the real Lie algebra of G and g its
complexification. The universal enveloping algebra U(g) can be identified
with the algebra of left-invariant differential operators on G, so ∆ can be
viewed as an element of U(g).
By a representation of G we mean a group homomorphism R : G→ GL(V )
to the group of invertible bicontinuous linear operators on some Banach space
V such that the map G× V → V , (g, v) 7→ π(g)v is continuous. The space
of smooth vectors V ∞ then is defined as the space of all v ∈ V such that
G → V , x 7→ R(x)v is infinitely differentiable. The universal enveloping
algebra U(g) acts on the dense subspace V ∞ of smooth vectors.
Definition 3.1. A representation (R, V ) of G is called ∆-admissible, if
(a) there is a dense subset ΛR ⊂ C, such that for each λ ∈ ΛR the operator
R(∆−λ)−1 is defined and extends to a continuous operator on the space
V . For every G-stable closed subspace U ⊂ V one has (∆− 1)−1U ⊂ U ,
(b) for each σ ∈ C the generalized eigenspace
V (∆, σ) =
⋃
n∈N
ker(∆− σ)n ⊂ V ∞
is finite-dimensional,
(c) the set SpecR(∆) of all σ ∈ C with V (∆, σ) 6= 0 has no accumulation
point in C,
(d) every v ∈ V can be written as absolutely convergent sum
v =
∑
σ∈Spec(∆)
vσ,
each vσ ∈ V (∆, σ) is uniquely determined and the projection map v 7→ vσ
is continuous,
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(e) for every σ0 ∈ Spec(∆) the space
V (∆, σ0)
′ =
⊕
σ 6=σ0
V (∆, σ)
satisfies V = V (∆, σ0)⊕V (∆, σ0)′ and the operator ∆−σ0 has a bounded
inverse on V (∆, σ0)
′.
The condition (a) needs explaining: We request that there exists a continuous
operator T on V which preserves V ∞ as well as every G-stable closed subset
and satisfies
TR(∆− λ)v = R(∆− λ)Tv = v
for every v ∈ V ∞. We denote this operator by R(∆− λ)−1.
We find it convenient to leave out the R in the notation, so we occasionally
write (∆− λ) instead of R(∆− λ) and the same for the inverses.
Lemma 3.2. Let (R, V ) be ∆-admissible and let U ⊂ V be a closed G-stable
subspace, then U is ∆-admissible.
Proof. The only part of the definition which needs proving, is part (d). More
precisely we need to show that if u ∈ U and u = ∑σ uσ is the spectral
decomposition in V , then uσ ∈ U for every σ. For this let σ0 ∈ SpecR(∆)
and let λ ∈ ΛR be closer to σ0 than any other σ ∈ SpecR(∆). Then the
operator
T = (σ0 − λ)(∆− λ)−1
has eigenvalue 1 on V (∆, σ0) and eigenvalue of absolute value < 1 on V (∆, σ)
for every σ0 6= σ ∈ SpecR(∆). We write u = uσ0+uσ0, where uσ0 =
∑
σ 6=σ0 uσ.
We first show that T nuσ0 tends to 0 as n → ∞. For this note that on the
space V (∆, σ0)
′ one has
(∆− λ)−1 = (∆− λ)−1 − (∆− σ0)−1 + (∆− σ0)−1
= (λ− σ0)(∆− λ)−1(∆− σ0)−1 + (∆− σ0)−1.
Taking operator norms on both sides and using the triangle inequality we
infer that for small values of |σ0 − λ| we have∥∥(∆− λ)−1∥∥ ≤ ‖(∆− σ0)−1‖
1− (σ0 − λ) ‖(∆− σ0)−1‖ ,
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where we mean the operator norm on the space V (∆, σ0)
′. It follows that
for λ close enough to σ0 the operator norm of T on V (∆, σ0)
′ is < 1, which
implies that T nuσ0 tends to zero.
On V (∆, σ0) we write ∆ = σ0 − S where S is nilpotent. So
T =
(
1 +
d−1∑
j=1
Sj
(σ0 − λ)j
)
= (1 +N)
where N =
∑d−1
j=1
Sj
(σ0−λ)j is again nilpotent and d = dim V (∆, σ0). Then on
V (∆, σ0) we have
T n = (1 +N)n =
d−1∑
k=0
(
n
k
)
Nk.
it follows that T n
(
n
d−1
)−1
tends to Nd−1 as n → ∞, which implies that
Nd−1uσ0 lies in U . Next
(
T n − ( n
d−1
)
Nd−1
) (
n
d−2
)−1
tends to Nd−2 which
implies that Nd−2uσ0 lies in U . We repeat until we reach N
0uσ0 = uσ0 ∈ U
as claimed.
Definition 3.3. Let (R, V ) be a representation of the locally compact group
G and let π be an irreducible representation of G. A π-filtration in V is a
sequence
F ′1 ⊂ F1 ⊂ F ′2 ⊂ F2 ⊂ · · · ⊂ F ′l ⊂ Fl
of closed, G-stable subspaces such that Fj/F
′
j
∼= π for each j.
Theorem 3.4 (Spectral theorem). Let (R, V ) be a ∆-admissible representa-
tion of the Lie group G.
(a) If V0 ⊂ V1 are closed G-stable subspaces, then the sub-quotient S = V1/V0
is ∆-admissible as well. Each spectral value λ of S is a spectral value of
V , more precisely, one has
S(∆, λ) ∼= V1(∆, λ)/V0(∆, λ).
If m(S, λ) = m(V, λ) for all λ, then S = V .
(b) Let (R, V ) be ∆-admissible and π an irreducible representation of G.
Then all maximal π-filtrations have the same finite length. We call this
length NΓ,ω(π) ∈ N0 the multiplicity of π in R.
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(c) If f ∈ Cc(G) is such that the operator R(f) =
∫
G
f(x)R(x) dx is trace
class, then π(f) is trace class for every π ∈ G˜ with NΓ,ω(π) > 0 and one
has
trR(f) =
∑
pi∈G˜
NΓ,ω(π) trπ(f).
(d) The representation (R, V ) is discrete, so there exists a complete filtration
on (R, V ).
Proof. (a) A submodule is admissible, so it remains to show that a quo-
tient is admissible. So let U ⊂ V be a closed G-stable subspace. We
claim that for λ0 ∈ C the map V (∆, λ0) → V/U induces an isomorphism
V (∆, λ0)/U(∆, λ0) ∼= (V/U)(∆, λ0). The injectivity is clear. For the surjec-
tivity let v + U be in (V/U)(∆, λ0), then (∆− λ0)nv ∈ U for some n. Write
v =
∑
λ∈C vλ as in the definition of admissibility. We claim that v − vλ0 lies
in U . Let ξ ∈ Cr SpecR(∆). Write (∆− λ0)nv =
∑
λwλ ∈ U , then each wλ
lies in U and
(∆− ξ)−n (∆− λ0)nv︸ ︷︷ ︸
∈U
= (∆− ξ)−n
∑
λ
wλ =
∑
λ
(∆− ξ)−nwλ ∈ U.
which implies (∆− ξ)−nwλ ∈ U the uniqueness of the λ-expansion.
For λ 6= λ0 we let ξ tend to λ0 and find (∆ − λ0)−nwλ ∈ U . Next let
(∆− ξ)nv =∑λwξλ and note that wξλ depends continuously on ξ. As
v = (∆− ξ)−n(∆− ξ)nv =
∑
λ
(∆− ξ)−nwξλ,
we deduce vλ = (∆− ξ)−nwξλ by uniqueness. For λ 6= λ0 we let ξ tend to λ0
and we can deduce vλ = (∆ − λ0)−nwλ ∈ U . This implies v − vλ0 ∈ U as
claimed. The rest of part (a) is clear.
For (b),(c) and (d) we argue that for an admissible representation the prop-
erty (d) implies (b) and (c). To see that (d) implies (b) we consider a maximal
π-filtration
F ′1 ⊂ F1 ⊂ F ′2 ⊂ F2 ⊂ · · · ⊂ F ′l ⊂ Fl
and a complete G-stable L-filtration (Sj)j∈L with irreducible quotients. We
claim that there must exist indices ν1 < ν
′
1 < · · · < νl < ν ′l in L such that
SPECTRAL THEORY FOR NON-UNITARY TWISTS 12
Sνi/Sν′i
∼= π and Sν′i/Sνi−1 has no π-sub-quotient, so that l equals the number
of π-sub-quotients within the given L-filtration and this independent of the
chosen maximal π-filtration. If the L-filtration is finite, this is the classical
Jordan-Ho¨lder Theorem. We reduce the present case to a finite filtration
as follows: We choose a λ ∈ Specpi(∆). Then (Sλj = Sj ∩ V (∆, λ))j is a
filtration of this finite dimensional space. There must exist two neighboring
indices i1 < j1 such that S
λ
i1
= 0 and Sλj1 6= 0. Repeating we find indices
i1 < j1 < i2 < j2 < · · · < ik < jk such that iν and jν are neighbored for
each ν and Sλjν = Siν+1 always holds, which implies that Sin+1/Sjν has no π-
sub-quotient. Further Si1 and V/Sjk both have no π-sub-quotient. Now one
can ignore the ν with Sjν/Siν ≇ π and assume that all quotients are
∼= π.
From here on the classical proof of the Jordan-Ho¨lder Theorem applies to
show that k = l. After that, once we know that NΓ,ω(π) equals the number
of π-sub-quotients in the given L-filtration, part (c) also follows.
So it remains to show (d). Let λ ∈ SpecR(∆). By Zorn’s lemma there exists
a maximal G-stable subspace V0 such that V0∩V (∆, λ) = 0. Then its closure
V 0 is admissible and thus satisfies the same claim, i.e., V 0 ∩ V (∆, λ) = 0,
so by maximality, V0 is closed. Let v ∈ V (∆, λ) and let S(v) denote the
closure of the span of V0 + R(G)v. Among all spaces S(v) as v varies in
V (∆, λ)r {0}, there is a minimal one V1. Then V1/V0 is irreducible.
4 The spectral theorem
Let G be a locally compact group and let Γ ⊂ G be a cocompact lattice.
This means that Γ is a discrete subgroup such that the quotient Γ\G is
compact. Let ω : Γ → GL(V ) be a group homomorphism, where V = Vω
is a finite-dimensional complex vector space. Let E = Eω = Γ\(G × Vω),
where Γ acts diagonally. The projection onto the first factor makes E a
vector bundle over Γ\G. The space Γ(E) of continuous sections can be
identified with the space C(Γ\G, ω) of all continuous functions f : G → Vω
such that f(γx) = ω(γ)f(x) for all γ ∈ Γ. Choose a hermitian metric on
E to define the space L2(E) of L2-sections. This space can be identified
with the space L2(Γ\G, ω) of all measurable functions f : G → Vω with
f(γx) = ω(γ)f(x) and
∫
F
〈f(x), f(x)〉x dx <∞, where F ⊂ G is a compact
fundamental domain for Γ\G. The group G acts by right translations on the
Hilbert space L2(Γ\G, ω). This representation is continuous but in general
SPECTRAL THEORY FOR NON-UNITARY TWISTS 13
not unitary. Let R = RΓ,ω denote the right regular representation of G on
the Hilbert space H = L2(Γ\G, ω).
Theorem 4.1. Let G be a Lie group and Γ ⊂ G a cocompact lattice. Fix a
group-Laplacian ∆. Then the representation (R, V ) with V = L2(Γ\G, ω) is
∆-admissible. In particular, there exists a complete filtration for (R, V ), the
multiplicities m(π) of which are finite and given by the maximal lengths of
π-filtrations.
Proof. The element ∆ ∈ U(g) acts on C∞(Γ\G, ω) as a differential operator
of order two whose principal symbol equals the square of the norm given by
the Riemannian metric, such operators are called generalized Laplacians in
[1]. By [17, Theorems 8.4 and 9.3] and [11, Theorem4.3] it follows that ∆ has
discrete spectrum in L2(Γ\G, ω), i.e., there exists a sequence λj of complex
numbers which do not accumulate in C such that the space
⊕∞
j=1H(∆, λj) is
dense in H = L2(Γ\G, ω). Each v ∈ H can uniquely be written as convergent∑
j uj with uj ∈ H(∆, λj).
One sets ΛR equal to C r {λj : j ∈ N}. Then for given λ ∈ ΛR the space
H(∆, λ) which lies in C∞(Γ\G, ω), is finite-dimensional. The only tricky
point is to show that for a given closed G-stable subspace U ⊂ H one has
(∆ − ξ)−1U ⊂ U for ξ ∈ ΛR. For this note that (∆ − ξ)−1 = f(
√
∆) with
f(x) = (x2 − ξ)−1. The Fourier transform of f is fˆ(x) = ei|x|
√
ξ
2
√
ξ
, where
√
ξ
denote the unique complex number α with Im(α) > 0 and α2 = ξ. Let
χ0 be a smooth function on R with 0 ≤ χ ≤ 1, χ(t) = 1 for t ≤ 0 and
χ1(t) = 0 for t ≥ 1. For T > 0 set χT (t) = χ0(t−T ) and let fT be defined by
fˆT (x) = χT (|x|)fˆ(x). Then fˆT (x) has compact support and by [3] it follows
that the operator fT (
√
∆) has finite propagation speed. We can view this
operator of G or on Γ\G. The connection between the two is as follows: On
G this operator is invariant under left translation by elements of G, hence
it is given by right convolution with a function, which, by finite propagation
speed, has compact support. This function is continuous on G and smooth
on the set G r {1}. We denote it by x 7→ fT (
√
∆)(x). Then on Γ\G
the operator fT (
√
∆) has continuous kernel k(x, y) =
∑
γ∈Γ fT (
√
∆)(x−1γy),
the sum being locally finite. For φ ∈ L2(E) one has R(fT (
√
∆))φ(x) =∫
G
fT (
√
∆)(y)φ(xy) dy and approximating this integral by Riemann sums,
one sees that R(fT (
√
∆))φ lies in U if φ ∈ U . It therefore suffices to show
that R(fT (
√
∆))φ converges to R(∆ − ξ)−1φ as T → ∞. On the compact
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manifold Γ\G this follows if we show that the kernel of the former converges
uniformly to the kernel of the latter, which is a consequence of Theorem 1.4
of [3].
Theorem 4.2 (Trace formula). Let G be a locally compact group and let
Γ ⊂ G be a cocompact lattice. Let (ω, Vω) be a representation of the discrete
group Γ on a finite-dimensional complex vector space Vω and define the Hilbert
space H = L2(Γ\G, ω) as above. Then for each f ∈ C∞c (G) the operator R(f)
is trace class and its trace equals either side of the equation∑
pi∈G˜
NΓ,ω(π) trπ(f) =
∑
[γ]
vol(Γγ\Gγ)Oγ(f) trω(γ),
where NΓ,ω(π) denotes the maximal length of a π-filtration in H, the sum on
the right runs over all conjugacy classes [γ] in Γ, the groups Gγ and Γγ are
the centralizers of γ in G and Γ and Oγ denotes the orbital integral
Oγ(f) =
∫
Gγ\G
f(x−1γx) dx.
The left hand side of the formula is also called the spectral side and the right
hand side is the geometric side.
Proof. First assume that G is a Lie group. By the Theorem of Dixmier
and Malliavin [8], every f ∈ C∞c (G) is a finite sum of convolution products
g ∗ h with g, h ∈ C∞c (G). If f = g ∗ h then R(f) = R(g)R(h). Now the
same calculus as in the unitary case [4, Chapter 9] implies that R(f) is an
integral operator with smooth kernel k(x, y) =
∑
γ∈Γ f(x
−1γy)ω(γ), so by
[4, Proposition 9.3.1] it is trace class and its trace equals
∫
Γ\G tr k(x, x) dx,
which with the same computation as in the proof of [4, Theorem 9.3.2] is
seen to be equal to ∑
[γ]
vol(Γγ\Gγ)Oγ(f) trω(γ).
We this get the geometric side of the trace formula. The spectral side is
obtained from Theorem 3.4.
To finish the proof, we generalize the trace formula to arbitrary locally com-
pact groups. So assume now that G is the projective limit of its Lie quotients,
G = lim←
N
G/N.
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A given f ∈ C∞c (G) will factorize over some Lie quotient G/N . We can
assume the compact group N chosen so small that N ∩ Γ = {1}. Then Γ
induces a cocompact lattice in G/N and the trace formula for this group
implies the trace formula for the given f .
Finally, assume that trace formula holds for an open subgroup H of G, then
Γ ∩ H is a cocompact lattice in H and the trace formula for H implies the
trace formula for G.
5 Semisimple Lie groups
In the case of a semisimple group G we here prove a slightly stronger spectral
theorem which says that the right regular representation on L2(E) is a direct
sum of representations of finite length.
Definition 5.1. A representation (R, V ) of a locally compact group has
finite length, if there exists a filtration
0 = F0 ⊂ · · · ⊂ Fk = V
of closed G-stable subspaces such that Fj/Fj−1 is irreducible for each j. The
classical Jordan-Ho¨lder Theorem says that then the irreducible quotients
Fj/Fj−1 are uniquely determined by V up to order.
Definition 5.2. We say that a representation (R, V ) of a locally compact
group G is a Jordan-Ho¨lder representation, if it is a direct sum of finite
length representations. More precisely, we insist that there are closed G-
stable subspaces Vi, i ∈ I such that the direct sum
⊕
i∈I Vi is dense in V .
Let G be a semisimple Lie group with finite center and let K be a maximal
compact subgroup. Let Γ ⊂ G be a cocompact lattice and let (χ, Vχ) be
a finite dimensional complex representation of Γ. Then χ defines a vector
bundle E = Eχ over Γ\G. The smooth sections can be described as
Γ∞(E) ∼= (C∞(G)⊗ Vχ)Γ.
The choice of a hermitian metric on E allows the definition of the Hilbert
space L2(E) of square integrable sections. We equip Γ∞(E) with the topology
of L2(E).
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Let Vfin be the space of all sections in Γ
∞(E) which are K-finite as well as
z-finite, where z is the center of the universal covering algebra U(gC) of the
complexified Lie algebra gC of G.
Theorem 5.3. The (g, K)-module Vfin is dense in Γ
∞(E) as well as in L2(E).
The G-representations on Γ∞(E) and on L2(E) are Jordan-Ho¨lder represen-
tations.
Proof. For every (τ, Vτ ) ∈ Kˆ the Casimir element C ∈ z acts on the τ -isotype
Γ∞(E)(τ) ∼= Vτ ⊗ HomK(Vτ ,Γ∞(E)),
as it acts on
HomK(Vτ ,Γ
∞(E)) ∼= (Γ∞(E)⊗ Vτ )K
∼= (C∞(G)⊗ Vχ ⊗ Vτ )Γ×K
∼= Γ∞(Eχ,τ ),
where Eχ,τ is the vector bundle over Γ\G/K defined by χ× τ . On Γ∞(Eχ,τ )
the Casimir C induces an operator which has the same principal symbol as
the Laplacian for any given metric. Hence ([17], Theorems 8.4 and 9.3) the
operator C has discrete spectrum on L2(Eχ,τ ) consisting of eigenvalues of
finite multiplicity.
Let λ ∈ C be an eigenvalue and let Γ∞(Eχ,τ )(λ) be the corresponding finite
dimensional generalized eigenspace. The image Vτ,λ of Γ
∞(Eχ,τ )(λ) in Γ∞(E)
is z-stable and K-stable. Hence the generated (g, K)-module U(g)Vτ,λ is in
Vfin and by Corollary 3.4.7 of [18] it is admissible and as it is finitely generated,
it is a Harish-Chandra module, so by Corollary 10.42 of [10] it has a finite
composition series:
U(g)Vτ,λ = Fk ⊃ Fk−1 ⊃ · · · ⊃ F0 = 0
with irreducible quotients Fj+1/Fj . We repeat this argument with a different
K-type τ ′ not occurring in U(g)Vτ,λ if it exists. Otherwise, we repeat it with
a different eigenvalue λ to get the claim.
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